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Numerical Assessment of Error Estimators for Euler Equations

X. D. Zhang*
Centre de Recherche en Calcul Appliqué, Montréal, Québec H3X 2H9, Canada

and

D. Pelletier, J.-Y. Trépanier, and R. Camarero®
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Grid convergence studies are conducted to assess four error estimators for their asymptotic behavior: explicit
residual, solution reconstruction, Richardson extrapolation, and solution of the error equations. Their accuracy,
reliability, and efficitivity to predict the true error are verified on the quasi-one-dimensional Euler equations solved

by a second-order accurate finite volume method.

Nomenclature
D = cross-sectional area function
E = specific total energy
e = solution error
f = flux function
h = grid size
L = linear differential operator
p = pressure
R = ratio of grid refinement
r = descritizationresidual of equation
s = source term of equation
u = solution variables
v = fluid velocity
X = coordinate
0 = effectivity index
0 = fluid density
Q = computational domain
Subscripts
eeq = solutionof error equations
h = numerical approximation
i = cell center value of variable
K = grid element or cell
L = left state of variable
R = rightstate of variable
rect = solutionreconstructionerror estimator
Rich = Richardson extrapolationerror estimator
rsd = residual error estimator
t = derivative in time
w = functional space
X = derivativein space
Superscripts
n = number of time steps
o = convergencerate
Introduction

HE rapidly increasing power of computers enables very accu-
rate approximations of solutions to partial differential equa-
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tions. For complex problems, highly accurate numerical solutions
of partial differential equations can be achieved using locally adap-
tive grids. The generation of such adapted grids is usually guided
by a proper error estimator or indicator. Analyses of the error and
its estimate abound for elliptic equations solved with finite element
methods. However, for nonlinear hyperbolic problems, the theo-
retical foundation of a posteriori and a priori error analysis is far
from satisfactory. The difficulties in estimating the errors and its
control for hyperbolicequationshave received more attentions only
recently, despite its importance in practical applications. Some ef-
forts on error estimates for hyperbolic equations can be found in
Refs. 1-4.

Because of the lack of sound theoretical analyses, many practi-
tioners simply choose one error indicator to guide mesh adaptation.
Such indicators are usually based on the local gradient of a key
variable,>® such as fluid density, based on the idea that the error oc-
curs when the variable of interest varies sharply. A more reasonable
error indicatoris based on the residual of the discretized equation’
because it is a more reliable indication of how accurately the dif-
ferential equation has been solved. Another method is to use two
differentlevels of approximation (solutionreconstruction),”® which
is suitable to estimate interpolationerror. Another approachis to use
solutions on two or three different levels of grid refinement to per-
form Richardson extrapolation to estimate solution error.’ Finally,
one can solve error equations with residuals as the right-handside to
provide the solution error* ! that account for the transportof errors.
All of these error estimators except for the last one are extensions
from finite element methods for elliptic equations. For hyperbolic
equations, several of these techniques are questionable.

One important issue for any a posteriori error estimator or indi-
cator is its ability to predict the discretizationerror of the numerical
method. At the least, one requires that the estimated error and the
true error should have the same asymptotic convergencerate when
the mesh is refined. For hyperbolic problems, very little theoretical
analyses can be found about convergence rate and asymptotic be-
haviors of the mentioned error estimations because of the lack of
mathematical foundations. Because these properties are so impor-
tant in the control and minimization of the discretization error, it
is worthwhile to conduct numerical investigations or verifications
for test problems. The motivation of this paper is to perform careful
studies of various error estimators through numerical experiments.
The main purpose of this paperis to assess existing error estimators
in various norms for their accuracy and reliability.

Different Error Estimations

Global solution error is generally predicted by a priori error esti-
mates for a given numerical method. It establishes the convergence
of the method when the grid size tends to zero, a basic require-
ment for any numerical methods. The a priori error estimate may be
expressed as

lu —upllwa = OH*) with h = max (hg)
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where u is the exact solution, u;, is an approximate solution, || - [|w.o
is a proper norm over the whole domain €2 in a Sobolev space W,
‘P, is the mesh partition established over €2, and hg represents the
size of the cell K € P,. The superscripta > 0 represents the conver-
gence rate for the numerical method. For approximationsof elliptic
equations using finite element methods, this type of error estimation
with W = H'(Q) may be found in Ref. 11. For approximations of
hyperbolic equations using finite volume methods, similar results
with L, norm were givenin Ref. 12. Itis evidentthat the rate of con-
vergence depends on both the problem and the numerical method.
It is also strongly dependent on the norm used to measure the error.

The exact error is usually not available for most problems of
interest. To be able to control the true error globally, one controls
the estimated error instead. However, the purpose of using adaptive
technique to control the estimated error is to allow us ultimately
to control the true error. This requires that the estimated error must
have a behaviorsimilar to that of the true error. The effectivity index
defined by

0 = llell/llu — u,ll

for an estimated error ||e|| is a measure for its reliability and effec-
tivity. The property of asymptoticexactness (6 — 1 when 2 — 0) is
not essential for grid adaptation. A reasonable constant difference
should be good enough to guide the adaptation and control the true
error as well. Lack of proper asymptotic behavior (6 — 0 or 6 — oo
when i — 0) may mislead the grid adaptation and the error control.

Variable Derivatives and Residuals

An early error estimator that is still commonly used is based on
local derivatives (gradient, divergence, or curl) of a key variable>:6
The idea behind this strategy is that errors occur in regions of rapid
changes in the solution. To avoid unbounded derivatives across dis-
continuities, the estimated error using derivatives is usually multi-
plied by a power of local length of the grid cell.® This type of error
indicator used for mesh adaptation works well for some cases, but
cannot be viewed as a rigorous error estimator because of its lack
of theoretical foundation. Also, use of large gradients as a grid re-
finement indicator can be misleading. For instance, a uniform shear
flow can exhibit an arbitrary large velocity gradient and yet can be
solved exactly with a single linear finite element.

Note that, for steady state problem of the Euler equation, the
derivative of variable Dpu is simply the residual of the continuity
equation. However, the residual is better at measuring how well
the differential equation has been satisfied than at measuring the
solution error itself.

Following Babuska and Rheinboldt,”* some efforts have been
focused on explicit residual-type error estimators.'*'> Consider the
partial differential equation

Lu=f 2)

over a given domain  for a linear differential operator £. Let
u, be the numerical approximation to the exact solution u and
r=Lu;, — f the corresponding residual. The equation for the er-
ror e =u — uj;, can be written as

Le=r 3)

and one has
llelly < clirll@ “4)
with suitablenorms || - ||, and || - ||(2) and a constantc. For nonlinear

equations, a constant ¢ may not exist making the analysis more
difficult. The L, norm is the traditional natural choice. However,
as demonstrated in Refs. 14 and 15, ||r|l., = O(h~'/?), so that it
is uncontrollable for one-dimensional hyperbolic problems in the
presence of shocks. To control the error, weak measures'* of the
residual have been used over each element K. For example,

e, = ||h"||L2(K)» €p-1 = ||”||H—'(K) (5)

have been proposed in Ref. 14. Because the norm || - || -1k, is not
computable in practice, an approximation'* '3 was used to evaluate

its value in each element K :

’fKrdydx’

l7 Il g1 (&) ~ max
i llp; ||H|(K)

where ¢;, i =1, 2, ..., n;, are some properly chosen functions in
H/}(K). With this approximation, the two weak norms given in
Eq. (5) are typically equivalent.'® With these error estimations as re-
finement indicators, impressive results have been reported for com-
pressible Euler equations 31316

Note that the first measure in Eq. (5) has the same form as that
of the error estimator of Babuska and Rheinboldt,"® except for a
multiplicative constant. Although the error estimator of Babuska
and Rheinboldtis asymptoticallyexact'? for finite elementsolutions
of second-order elliptic equations, it is not clear that this property
also holds for hyperbolicequations. However, the work of Suli and
Houston'” shows that the global error measured in a weak norm in
H' is bounded from above by the residual as

lu —unllyg—1@) < Clhrll2g, (©6)

In this paper, the residual-based error estimator to be verified is
denoted by

Cllygq (=T (7)

with a proper norm || - ||. The effect of the multiplicative constant
is neglected. For example, the L, and L, norms are calculated as
follows:

llerruall, = IrllL, k) = hilrlx

L
llerteall, = Irll L,y = Aglrik (8)

where |r|g is the absolute value of residual at the central point
of K. The central value of r(u;) is computed by a least-square
approximation.

Solution Reconstruction

Another type of error estimator is based on solution recon-
struction”# 18 The idea is as follows: One expects to estimate the
solutionerror e = u — u;, withoutknowing the exact solution u. The
order of the scheme generally represents the order of interpolation
for u;,. A higher-orderreconstructionof u based on u,, should yield
a better approximation to u. Thus, the difference between the re-
construction and the approximate solution can be used as an error
estimator.

For piecewise linear approximations of u; (second-order
scheme), the error is approximated as the departure from the
quadratic, which results in

2 2 d?u,,
ey = (alx + a,xh + azh ) =
X

where a,, a,, and a3 are constants depending on the linear approx-
imation, limiters, etc. For example, if the piecewise linear approx-
imation is used between two node values (such as in finite element
methods), the quadratic departure is

dzuh
dx?

(ex)1 = %X(h —Xx)

If the piecewise linear approximation is extended from the cell-
centered value to its endpoints (such as in most finite volume meth-
ods without limiter), the quadraticdeparturein the control volume is

1 &
3% d)l:Zh 0), 0<x<h/2
(ex)2 = 2
up
—(x — h)? h), h/2<x<h
2(1C )dxz() /2=<x =<
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For simplicity, here the origin of x is placed at one end point of
K for one-dimensional problems. It is clearly shown that different
approximations end up with different constants. It is very difficult
to define those constants when limiters are used. In the following,
the effects of the constants will be neglected.

This type of error estimation is an analog of the approximation
error of finite element methods. Only the local variation of the vari-
ables has been used. It has been demonstrated to be effective for
elliptic equations. For hyperbolic cases, its effectivity has not been
proven especially across discontinuities. Furthermore, it does not
account for the transport of the error.

In this paper, the solution reconstructionbased error estimator to
be verified is denoted by

ElTree 1= €k 9

with a propernorm || - ||. More specifically, the L; and L, norms are
approximatedby neglectingthe effect of the multiplicativeconstant:

3 dzuh
llertrectll, = llex iz, k) = hy 12
K
2 dzuh
llertrectll, = llex k) = hy|— (10)
dx? «

where the second derivatives are calculated using a least-square
approximation. Tests using a central difference provide almost the
same results. The reason to use least-square approximationis that it
can easily be extended to two- and three-dimensional unstructured
meshes.

Note thatin Ref. 7 the norm used to estimate the local erroris the
root mean square value of the ey, that is,

1
. L
€Ol 17yt
{/ Zldx = hgllen L)
0

h2
K
V120

where the constant 1/./120 results from the integration of the poly-
nomialin x and hasbeen approximatedby 1—11 inRef. 7. However, the
convergencerate of the norm of root mean square error is actually
a half-order higher than that of the L, norm.

|| errl’ECI || ms =

dzuh
dx?

(1

K

Richardson Extrapolation

Richardsonextrapolationis based on a Taylor series expansionof
the discrete solution. The idea behind this approach is to combine
two discrete solutions on two different grids (one finer than the
other) to obtain the leading terms in the expansion of the error. This
approachhas been used by Roache to compute the grid convergence
index (GCI) (for more details, see Refs. 9 and 19).

One of the important factors in this approach is to determine
the convergence rate of the numerical method. This is generally
not easy for upwind schemes especially when limiters are used.?
Roache’!® has proposed to use three grids when the exact solutioniis
notknown. Assume thatuy, , u,,, and u,, are three solutionson three
differentgrids with refinementratioof R=h,/h; = h;/ h, > 1,then
the estimated convergencerate is given by

e &(u> / b (R) (12)
“uhz - uh[ “

where || - || represents a norm used in the error estimation. If one
knows the closed-form solution u, two discrete solutions on two
different grids will be sufficient to determine « by

u—u
o= &@(M>/&(R) (13)
e — wy,, |l
The Richardson extrapolation starts from a Taylor series repre-

sentation of u,

u, =u+ah+ah®+ah’+--

where g; are grid-independentcoefficients in the asymptoticregion.
Foran a-th orderscheme (if « is an integer, thena; =0 fori < «), the
exact solution u can be approximated by two solutions on different
grids with iy and h, (R=h,/h)) as

Up, — Up,

R*—1

Consequently, the Richardson error estimate on a coarse grid is
u,, — u can be derived, and it is denoted by

ertrien := [R*/(R* — 1)](un, — uh.) (14)

For L, and L, norms, the preceding error estimations are given by

uzuhl-l-

R“YLI
llerrricnll, = m” Up, — uh.”Ll(K)
R“YLZ
lerrricnllz, = m” Up, — uh.”Lz(K) (15)

Error Equation

Finally, solving the error equation (3) with residuals as the right-
hand side provides another approach;*'® which accounts for the
wave structure of the solution and is expected to detect the nonlocal
transport error. The error equations may be solved using a higher-
order scheme* or a different mesh.!”

In this paper, the error equations and corresponding boundary
conditions for the steady-state errors are the ones given in Ref. 21,
that is,

e+ [Aup)el, = —r(uy) (16)

where A(uy,) is the linearized matrix from the original Euler equa-
tions. The time-dependent term in Eq. (16) is introduced for time
marching to steady state. This is a linear hyperbolicsystem of equa-
tions for the error vector with an extra error source given by the
residual —r(u;,).

Thus, the error estimator using the error equations to be verified
in this paper is denoted by

ClTeeq i= € 17)
with a proper norm || - ||.

Numerical Tests

The test caseis the steady quasi-one-dimensioml Euler equations
representing compressible flow in a duct of variable cross section:

u+[f)l=s

in which
P PV
u=D| pv |, fay=D| pv*+p
pE pvE +vp
0
oD
s = —_—
P 0x
0

For the quasi-one-dimensioml problem, closed-form solutions can
be calculated when the area function D(x) is known.??

Test cases have been conducted using two geometries defined by
area functions in the interval [0, 8]. The first one is given by

di, 0.0<x <05
d, — k(x —0.5)%, 05<x<15
D, (x) = 2.25 — %arctan[4(x —2.5)], 1.5<x <30
a(x—=2)+b/(x —2), 30<x <60
dy +d5[1 — (x —7)?], 60<x<70
d, + dj, 70<x <80
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Area function

L L L

0.0 2.0 4.0 6.0 8.0

Fig.1 Area functions for the two geometries.

where k= %, a=1.125— % —arctan(2)/3, b=1.125+ % —
arctan(2)/3, d, =2.25+ k — 2 arctan(—4)/3, d, =4a + b /4, and
dy=(a—0b/16)/2 are constants. This function is piecewise C*
smooth and C' smooth at the joining points. To reduce the effect of
boundary condition treatment, the nozzle is extended at both ends
by alength of constant cross-sectional duct. To check the effect of
the smoothness of the geometry, a slightly modified area function
from D, (x) is defined as

di, 00=<x=<05
d, — (k +c)(x —0.5), 05<x<15
Dy(x) = 2.25 — % arctan[4(x — 2.5)] —c, 1.5<x <25
a(x —2)+[b/(x —2)], 25<x <60
dy, + di[1 — (x — 7)?], 60<x <70
d, + dj, 7.0 <x <80

where ¢ =1.85 — 1.25(a + b) is another constant. The second area
function is also C! smooth except at x =2.5, where it is only
C° smooth. However, the areas at the inlet, outlet, and throat
[x =2+ (b/a)'/?] are the same for both geometries. The slight dif-
ferences between these two geometries are shown in Fig. 1.

In the present work, a uniform mesh refinement study is per-
formed starting with a mesh of 21 points. The number of points
used over the interval [0,8] ranges from 21 to 641 with five meshes
for supersonic and subsonic cases and from 21 to 1281 points with
six meshes for the transonic case. Unless stated otherwise, results
are reported for geometry D, (x). The norms are defined globally on
the whole interval. For example, the L, and L, norms are given by

1

2
lell, =Y el lell, = Y llel, )
K K

A finite volume explicit time-marching scheme is used to solve
the the Euler equations. For a uniform mesh, the time-marching
procedure can be written as

At
upt! =uz_i—E(fi”+% —fi”_% —Axsf’) (18)
The interface flux values f;",,, are computed using a modified
Roe’s characteristicupwind flux-difference-splittingscheme to treat
the source term more accurately® With these modifications, the
scheme is second-order accurate for steady-state solutions over
smooth flow regions (for details, see Ref. 23).

Supersonic Case

First we considera shockless supersonic flow. The inlet condition
is specified with a Mach number of M, = 3.5, and other variables
are evaluated using isentropic relations. At the outflow boundary,
the variables are extrapolated from the last cell.

1e-02 | 9
1e-03 | E
— 1e-04 ¢ 1
[]
2
T
L 1e-05 | 1
// order = 2.0
e L_inf norm -~
1e-06 Ve L1 norm -@- 1
,/‘\ L_2 norm
// order = 3.0
- HA(-1) norm
1607 r &~ h 1
0.0t 0.10 1.00

h

Fig.2 Supersonic flow: true momentum error in different norms.

1e-01 "
e
1e-02 | J
- te-03 | |
1e-04 | order=2.0 —— A
It err_true ||_L1 —&—
Jerr_rsd [[_L1 -
err_rect || L1 o~
|| err_Rich |[_L1 --x
te-05 ferr_eeq[|_L1 -—-a-—
0.01 0.10 1.00

h

Fig. 3 Supersonic flow: estimated momentum errors in L; norm.

The exact momentum error with norms of L, L;, L,, and H™!
are plotted in Fig. 2 and compared with the second- and the third-
orderreferencelines for convergence.lItis evidentthat the H~! norm
of the error is of order three, whereas the others are of order two.
This indicates that the accuracy of the scheme is second order when
measured with both the L; and L, norms. Because the variables are
smooth, the L, norm is also second-orderaccurate. The behaviors
for other variables such as density and total energy are similar and
are not plotted.

The convergencerate estimated from Eq. (12) using the last three
grids are o) = 1.98 and o, = 1.97 for the L, and L, norms, respec-
tively. They are quite close to the expected value of o = 2. The L,
and L, norms of the estimated momentum errors (i.e. the error in
variable Dpv) using the reconstruction, Richardson extrapolation,
error equation, and the errorindicatorusing the residual for continu-
ity equation (it is actually the residual of equation 3Dpv /dx = O for
asteady-stateproblem) are compared with the true momentum error
in Figs. 3 and 4. Figures 3 and 4 show that all error estimators have
convergencerates very close to « =2. Note that the weak norm of
the residual defined by Eq. (5) has a convergencerate of abouto = 3
because of the inclusion of the grid size & in its definition. This is
consistent with the true error measure in the H~' norm (shown in
Fig. 2) and Eq. (6).

However, when the second geometry with area function D, (x) is
used, the L, norm of the residual error indicator behaves differently,
whereas the others do not change when compared to the results
obtained in the first geometry. The differenceis that the L, norm of
errq is halfan orderlower thanin the earliercase, as shownin Fig. 5.
This is attributed to the lower smoothness of the geometry where
sharp changes of the solutions are observed. For such cases, though
the error bound formula given by Siili and Houston!” [Eq. (6)] is
still valid, the effectivity index defined in Eq. (4) for the residual
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1e-02 | g ) .

! 1e-03 + |
104t order=2.0 —— A
| err_true f|_L2 —a—
jerr_rsd i 12 -
|l'err_rect || _L2 o
|l'err_Rich {|_L2 -
1e-05 ¢ |err_eeq || L2 -—-a-- |
0.01 0.10 1.00

h

Fig.4 Supersonic flow: estimated momentum errors in L, norm.

1e-02

L2

1e-03 |
|

llerrl]
o

order=15 -
[ [l err_rsd [|_L2 -
b order=20 —— 1
err_true |} L2 —e—
err_rect [|_L2 o
|| err_Rich |{_L2 - x
|err_eeq ||_L2 ---a-—
1e-05 ]
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h

Fig. 5 Supersonic flow: estimated momentum errors in L, norm for
nozzle D;(x).
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Fig. 6 Supersonic flow: effectivity index of estimators in L; norm.

error indicator tends to infinity. Thus, using such an error indicator
(L, norm) to guide grid adaptationis questionable. However, the L,
norm of the residual seems less dependent on the smoothness of the
geometry and may be a more reliable error indicator. Surprisingly,
the error estimator based on the error equation does not show the
same departure in the L, norm even if the residual acts as source
terms in the error equations.

The asymptotic performance of these error estimators is demon-
strated in Fig. 6 by comparing their effectivity index. The error
estimators based on residual and reconstruction are about 8-10
times larger in magnitude than the true error. This is because the

8e-05 err_rsd - 1
err_rect -
err_Rich

i err_eeq -
6e-05 | i ]
5
k)
8 b
ﬁ 4e-05 i |
5
2e-05 - ]
0e+00
0.0 2.0 4.0 6.0 8.0
X
Fig.7 Supersonic flow: error distributions.
1e-01 1
1e-02 + ]
5 1e-03 | ]
I~
T
5 te04 ¢ ]
1e-05 | e order=20 —— 4
e L_inf norm -3~
el L 1 norm -
1e-06 | * L2 norm -o J
order = 3.0 -
HA(-1) norm ---a---
1e-07 L
0.01 0.10 1.00

h

Fig. 8 Subsonic flow: true momentum error in different norms.

multiplicative constants have been neglected for estimators based
on residual and reconstruction. To recover appropriate asymptotic
exactness, two scaling constants ¢; = % =0.1and ¢, = % =0.12
may be used. Such constant scaling may not be necessary and also
is not practicalin grid adaptation, but such scaling may be useful to
check their universality when applied to different problems and
to check the agreement of local error distribution. Actually, Fig. 7
shows the very good agreement of the estimated local momentum
errors over the grid of 321 points when compared with the true error.
The explicitresidual approach is the exception.

If one compares the formulationof Peraire et al.,” forexample, the
constant is ¢ = 1/4/120 as given in Eq. (11) for the reconstruction
error estimator, which is in close agreement with our scaling factor
of c; =0.12.

Although the residual error indicator may be equivalent to other
estimators® and be very reliable for elliptic equations,>?’ it does
not behave as well for hyperbolicequations, as discussedin Refs. 4,
17, and 26. Furthermore, for hyperbolic cases the error may not be
the appropriate criterion to guide mesh adaptation. Indeed, insuffi-
cient mesh resolutionmay manifestitself as an error far downstream
due to the convection of errors. In such a case, one must refine the
mesh at the upwind source of the error.

Subsonic Case

The secondtestcase is an isentropic subsonic nozzle. At the inlet,
pressureis extrapolated from the first cell value, whereas other vari-
ables are computed using isentropic flow condition with unit total
pressure and temperature. At the outflow boundary, the normalized
back pressure is set to p =0.93. The velocity and the temperature
are extrapolated from the last cell.

The true momentum errors measured in L., L, L,, and H™!
norms are plotted in Fig. 8. The H~! norm converges with third-
order accuracy, whereas others exhibit a converge rate of two.
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Fig.9 Subsonic flow: estimated momentum errors in L; norm.
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Fig.10 Subsonic flow: estimated momentum errors in L, norm.
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Fig. 11 Subsonic flow: estimated momentum errors in L; for nozzle
DZ (x).

Figures 9 and 10 present a comparison of the estimated errors with
L, and L, norms using the four error estimators discussed earlier.

The convergencerate estimated from Eq. (12) using the last three
grids are ) =1.91 and o, = 1.91 for the L, and L, norms, respec-
tively. They are slightly lower than in the supersonic case. Again,
the same behavior using geometry D, (x) is observed for this case,
as shown in Figs. 11 and 12. The lower smoothness of the geometry
resultsin half an orderdegradationin the convergencerate for the L,
norm of the explicit residual estimator. It seems that the geometry
smoothness affects only the residual error indicator. Its influence on
the other error estimators is very small.

The asymptotic behavior of the estimatorsin L, norm for nozzle
D, (x) is presentedin Fig. 13. The effectivityindex of the error equa-

1711
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-
5
= 1e-03 | order = 1.5 B
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Fig. 12 Subsonic flow: estimated momentum errors in L, for nozzle
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Fig. 13 Subsonic flow: effectivity index of estimators in L; norm.
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Fig.14 Subsonic flow: error distributions.

tion estimator is much lower than the others. This can be seen more
clearly by plotting the error distributions for the grid of 321 points,
as shown in Fig. 14, where the error based on Richardson extrap-
olation agrees well with the true error, whereas all others are quite
far from it. Surprisingly, if one scales the errors of the residual and
reconstructionestimators by the same constants used in the preced-
ing supersonic case (c; =0.1 and ¢, =0.12, respectively), |err|
agrees very well with |erTeq|, as shown in Fig. 15, and the magni-
tude of |err,y| is also much closer to that of |err.q|. The behavior
of the three estimators is similar to that observed in the supersonic
case, as shown in Fig. 7. For subsonic flow, one observes different
error distributionsfor the true error and that obtained by solving the
error equations. This nonnegligiblediscrepancy between the curves
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Fig. 16 Subsonic flow: scaled and adjusted error distributions.

may lead to completely different grids if the estimators were used
to guide the grid adaptation.

The questionnow is, what causes these differencesfor supersonic
and subsonic cases? It seems that the differences are mainly caused
by differencesin the treatment of subsonicand supersonicboundary
conditions. On the one hand, for the supersonic case, all properties
are set at the inlet point using the inlet Mach number and isentropic
relations. This state is then propagated downstream. This implies
thattheinlet fluxes are exact. The total mass, momentum, and energy
are well conserved downstream. On the other hand, for the subsonic
case, the flow is determined by the back pressure at the outlet. A
pressure wave is propagated upstream to the inlet, which generally
causes a loss of accuracy. Differences result between the exactinlet
pressure and its numerical approximation. Other inlet properties are
evaluated based on this pressure and propagated downstream to the
outlet. The outlet temperature and velocity are extrapolated from
the upstream information. Even though the conservation scheme
performs well, the inlet fluxes are not exact. Finally, note that ex-
trapolation at the boundary points produces no significant errors
because the geometries have constant area and fluid properties near
boundaries.

The differencebetween the computed and exact mass fluxes at the
inlet is about ey = f — f;, =—2.6E — 4 (where f =Dpu), which
is actually very small. However, such a small difference can cause
significant discrepanciesin the error distributions of momentum. If
we compensate for the inletflux errore ; by adjusting the momentum
error as follows:

enew(-x) = [enld(x)D(x) + Ef]/D(X)

then the adjusted error distributionsfor the reconstructionand error
equation estimates change their shapes significantly to come very
close to the true error, as shown on Fig. 16. After this adjustment,
excellent agreement is obtained for these error estimators.
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Fig. 17 Transonic flow: true momentum error in different norms.
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Fig. 18 Transonic flow: estimated momentum errors in L; norm.

Transonic Case

The last test s for a transonic nozzle with a shock downstream of
the throat. The shock is located at x = 5.2 when the back pressure is
setto p =0.75. The inlet pressureis extrapolated from the first cell,
and other properties are computed from isentropic relations. At the
outlet, the velocity and the temperature are extrapolated.

The true momentum errors in Ly, Ly, L, and H~! norms are
plotted in Fig. 17. This time, all four norms show different rates of
convergence.The L, normdoesnotconverge. Thisis tobe expected
because there are jumps in all variables across the shock. The L,
and L, norms show a convergence rate of 1 and 0.5, respectively,
indicating that the accuracy of the scheme is first order in the L,
norm and only of a half-orderin the L, norm. This performance has
been observed in previous work for two-dimensional problems.!8
Also, the H~! norm has a convergence rate of 1.5. It seems that
only the results measured in the L; norm agrees with the statement
that the accuracy of a monotone upwind scheme is of first-order
accuracy across a shock no matter which type of reconstruction is
used to achieve higher-order accuracy.

For this transonic case, the error equation approach did not con-
verge to a steady-state. Hence, we skip this error estimation for
the present analysis. More detailed analysis about its steady-state
performance will be presented in future work. Figures 18 and 19
compares the estimated errors in L; and L, norms for the three
remaining error estimators. It is evident that the residual estimator
does not converge in both norms and that the L, norm diverges
with a rate of @(h~!/?), which agrees with the statement given in
Refs. 14 and 15. In this case, the weak norm ||/ - ertqllz, has the
same convergence rate as ||erTex,qllz,, but the error control theory
givenby Siili and Houston'” seems too conservative.In the analysis
given by Suli and Houston, the weak normis used to control the true
error in H~! norm, with the result that the effectivity index tends
to infinity [O(h)] for this test case. The reconstruction estimator
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Fig. 20 Different solution reconstructions.

|lerr..« || exhibits a difference of one in the rates measured in L,
and L, norms (about 1.5 for L, and 0.5 for L,). This is mainly due
to the derivatives across the shock. The Richardson extrapolation
error |lerrg, || behaves as if it has no asymptotic limit (no straight
line for fine meshes). Its estimated convergencerates from Eq. (12)
using the grids with 161, 321, and 641 points are about or; =1.53
and o, = 0.44 with respect to the L; and L, norms. Because the
Richardson estimator does not produce a straight line in Figs. 18
and 19 (the slope still changes), the convergence rates are likely
erroneous when a shock is present. The value of o, seems close to
the value found for the exact error, and the «; is about one-half an
order higher. However, if one compares the slope between the last
two points, «; is very close to one.

To verify the half-orderdifference between the L; and L, norms,
the followinganalysismay be helpful. For the presentcase, the shock
is alwayslocatedatone node pointxy = 5.2. To simplify the analysis,
we assume that the total error is only due to the approximationerror
inthe cell K = [xq, xo + h]. If a traditional linear variation over K is
used as in the finite element method (Fig. 20a), the error e = u — u,,
is given by

0, x < X
e={ (u, —ug)[(xo+h)—x]/h, Xo <X <x9+h
0, Xo+h <x

(with u; > ug) and represents the jump in variable u at x,. Thus,
the L, and L, norms of the error are

”e“L|(Q) = “e“L|(K) =[(ug — MR)/Z]h

!
lell, @ = llellL,x) = [(ML — MR)/‘/g]h2

For a finite volume method, reconstructions are computed in cells
[xo —h/2,xg+h/2] and [xq+h/2, xo+ 3h/2] (Fig. 20b). The
error is then

0, x < X
e= (up —ug), Xo <X <x9+h/2
0, Xo+h/2 <x

and the L; and L, norms of the error are

”e“L|(Q) = “e“L|(K) = [(ug — MR)/Z]h

!
el = llellL,i) = [(ML — MR)/‘/E]h2

In both cases, the errors in the L; and L, norms always exhibit a
half-order difference with L, being of first-order and L, being of
half-order accurate. This is exactly the situation for the transonic
case with a shock. Away from the shock, the errors behaves just like
in the supersonic and subsonic cases and are nearly second-order
accurate. This is shown in Figs. 21 and 22 obtained by excluding the
five neighboringpointscloseto the shock when evaluatingthe global
errors. This time, the convergence rates estimated from Eq. (12)
are ; =1.91 and o, =1.97 in the L, and L, norms, respectively.
Note that, for some cases, the error occurring at the shock may be
transported downstream, as discussed in Ref. 19.

The asymptotic behavior of two error estimators based on recon-
struction and Richardson extrapolationin the L; norm are presented
in Fig. 23. The effectivity index of the residual error estimate tends
to infinity. The error distributions for the grid of 321 points using
the same scaling constantsof ¢c; = 0.1 and ¢, = 0.12 forresidual and
reconstructionerrors are compared with true error and the estimates
from Richardson extrapolationin Fig. 24. The adjusted profile for
the reconstruction estimator with e; =—4.2E — 5 is compared to
other distributionsin Fig. 25. Away from the shock, the three error
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Fig.21 Transonic flow: estimated errors excluding shock in L; norm.
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Fig.22 Transonic flow: estimated errors excluding shock in L, norm.
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Fig. 25 Transonic flow: scaled and adjusted error distributions.

profiles agree almost perfectly. Even across the shock, the errors are
detected well enough for grid adaptation.

Conclusions

From the present tests on quasi-one-dimensiond problems, one
can see that both the L, and L, norms of the errors yield second-
order convergence rates for flows without shock. For flows with
shocks, the L, norm yields only half an order of convergencerate,
whereas the L, norm is of first-order convergencerate, which does
agree with the accepted statement. Also, the L, normis less sensitive
to the smoothness of the geometry. It seems that the L, norm of the
error estimators will probably be more reliable than the L, norm for
grid adaptation and error control.

The weak norm in H~! was proposed by Siili and Houston'” for
the flow with shocks. However, as demonstrated here, the use of a
residual in a weak norm to control the true error in H~' norm may
notbe as effective as one would expectbecause the effectivity index
approaches infinity. For flows without shocks, its effectivity index
tends to a nonunit constant. However, the stronger norms in L; and
L, are much easier to compute and behave in the same way. Thus,
there seems to be little need for the weak norm in H™! in regions
of smooth flow.

In all test cases, the estimated error using Richardson extrapola-
tion agrees very well with the true error. The convergence rate is
almost asymptotically exact except in the vicinity of a shock. This
is because the theory, based on the Taylor series expansion, is not
valid across discontinuities.

Error estimators based on solution reconstruction provide very
goodresults with the use of the same scaling factor for all test cases.
This does not mean such scaling constants are universal, but it may
indicate that they may not differ much for different problems and
numerical methods.

The errorequation approachis expectedto predict the transported
errors for hyperbolic equations *!° The reconstruction approach is
based only on local variations of the solution and is expected to pro-
vide the local errors only. Surprisingly, these two approaches can
yield very accurate error estimations when the upstream boundary
condition in momentum is specified accurately, such as in the su-
personic test case. However, for subsonic or transonic cases, the
upstream boundary condition in momentum will be affected by
the back pressure and its propagation upstream. This will lead to
inaccurateerror estimates. It can hardly be accurate again. For these
test cases, compensation on the momentum can be implemented,
and very good agreement can be achieved. Such adjustments are
not practical for realistic problems. It is done here as a means to
identify the error source. The control of such error sources is not
obvious because no error estimators can predict this type of trans-
port error. Finally, the error equation approach is more expensive
and less robust than the reconstruction. Further studies are required.

Also note that the effectivity index of the rms value of the error
based on reconstruction [see Eq. (11)] tends to infinity asymptoti-
cally for all test cases, indicating that it cannot be used to control the
true error effectively. Nevertheless, it has been used quite success-
fully in grid adaptation for two-dimensional problems with shocks
or expansion waves.” Its effectivity might be further improved by
choosing a norm yielding asymptotic exactness of the error to
guide mesh adaptation. Similar verifications for two-dimensional
test cases are needed to assess the performance of using the rms to
measure estimated local errors.
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